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A supersymmetric string model in tiie D — 11 superspace maximally extended by antisymmetric 
tensor bosonic coordinates, j]{528|32)^ proposed. It possesses 30 K-symmetries and 32 target space 
supersymmetries. The usual preserved supersymmetry-K-symmetry correspondence suggests that 
it describes the excitations of a BPS state preserving all but two supersymmetries. The model can 



also be formulated in any E*- 



-I") 



superspace, n — 32 corresponding to D = 11. It may also 



be treated as a 'higher-spin generalization' of the usual Green-Schwarz superstring. Although the 



global symmetry of the model is a generalization of the super-Poincare group, E'" 



Spin), 



it may be formulated in terms of constrained 05^(27111) orthosymplectic supertwistors. We work 
out this supertwistor realization and its Hamiltonian dynamics. 

We also give the supersymmetric p-brane generalization of the model. In particular, the 5](528132) 
supersymmetric membrane model describes excitations of a ^ BPS state, as the E^ ' ' super- 
symmetric string does, while the supersymmetric 3-brane and 5-brane correspond, respectively, to 
If and II BPS states. 

PACS numbers: ll.30.Pb, ll.25.-w, 12.60.Jv, ll.lO.Kk; FTUV-03/0710 IFIC-03/34 



I. MODELS IN NON-STANDARD 
SUPERSPACES: PARTICLES, STRINGS, BPS 
PREONS AND HIGHER SPIN THEORIES. 

In the early period of superstring theory, when it was 
found that all D = 10 supergravities appear as low en- 
ergy limits of superstring models, a question arose: what 
is the origin of maximally extended £' = 11 supergravity? 
Its relation with the supermembrane |l| was established 
by studying the supermembrane action in a supergrav- 
ity background; however, a straightforward quantization 
of the supermembrane was fraught with difficulties. An 
indication was found that the quantum state spec- 
trum of the supermembrane is continuous, a problem 
now sorted out by treating Q the supermembrane as an 
object composed of DO-branes in the framework of the 
Matrix model approach . Another aspect of the same 
problem was that the membrane was shown to develop 
string-like instabilities The Green-Schwarz super- 
string is free from these problems, but it is a I? = 10 
theory. Thus, it was tempting to search for possible new 
classical D — 11 superstring models hoping that, after 
quantization, their low energy limit would he D = 11 
supergravity. Such a search requires, clearly, going be- 
yond the standard superspace framework: in moving 
from D = 10to£' = ll one has to add also extra bosonic 
degrees of freedom, thus arriving to an enlarged D = 11 
superspace rather than to the standard one. 



Curtright supersymmetric string model in the 
enlarged D = 11 superspace e''^^*'^^* 



A first example of a supersymmetric string action in an 
enlarged D = 11 superspace was found in The model. 



possessing 32 supersymmetries and 16 K-symmetries, was 
constructed in the enlarged superspace E'^^^^l'^^^. This 
contains 32 fermionic coordinates 9" and 528 bosonic co- 



ordinates 



y 



-r 



which may be collected in a symmetric spin- 



tensor X"^ = A'^", 



X 



32 ^ 
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so that the coordinates of i;(528|32 



y ^ tii...fi5 



are 



Z 



M 



(A"^,6'"), A"'3=A^", 
a,/?= 1,2,...,32 . 



(1) 
(2) 



Due to the special properties of the eleven-dimensional 
gamma matrices, the model of |^ may also be restricted 
to the superspaces e(66|32) [(-^^^ y/^"'^ Qa^^ gg ^Qgoj^ic 
coordinates] and S(462|32) [(x'' ,y^'^■■■^''%9°'), with 462 
bosonic coordinates] [t^- For the sake of definiteness, 
we shall call here maximal superspaces to those with 
bosonic coordinates of symmetric 'spin-tensorial' type, 
like S(528|32) and its counterparts St^^T^I"), 

= {Z^ = (A"'3,r)} , A"'3 = A''", (3) 
a, /3 = 1, 2, . . . n , 



where n = 2'. This name distinguishes the * 2^ ' '"^ 
superspaces from other, not maximally fin the bosonic 
sector) extended superspaces like E^^^l^^-* and I]('*62|32) 
whose bosonic coordinates may be described by a spin- 
tensor X"^ only if it satisfies some conditions. 

The E (528 1 32) superspace has a special interest because 
it is the supergroup manifold associated with the maxi- 
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mal D = 11 supersymmetry algebra 0,0,0 

{Qa,Q(3} = PcP , Pa/3 = Ppo. , [Qa, = « , (4) 

a,/3,7- 1,2,...32 , 

i^a/S = Pli^afi + ^A"^r^^ + Z f^-^,,,fi,J^'^p ^'^ , (5) 

called M-theory superalgebra or M~algebra |^ [t^ . This 
algebra encodes a full information about the nonper- 
turbative BPS states of the hypothetical underlying M- 
theory: as it was shown in 11], the additional bosonic 
generators Z^^ ^ -Z^f, = Z[^^], Z^^,,,^,^ = of 
the M-algebra Q are related to the topological charges 
of the supermembrane and the super-M5-brane |74| . 
These 'one-brane' BPS states can be associated with soli- 
tonic solutions OO^dl of the 'usual' = 11 supergravity 
[Is] or with fundamental M-theory objects described by 
their worldvolume actions 0, 0| . 

Note that although the M-algebra Q leads naturally 
to a D = 11 interpretation when the splitting Q is used, 
it also allows for a D = 10 type IIB treatment when one 
considers the a = 1, 32 index as a double one a — al, 
where d labels the components of a I? = 10 Majorana- 
Weyl spinor, d = 1, . . . 16, and / is an internal index, 
/ = 1,2. Then one uses the direct product of 16 x 16 
(Majorana-Weyl) ten-dimensional sigma matrices, a't^ 

(or cr^'^) and real 2x2 matrices 6^'^ ,T('\iT2\Ti'^ to 
write a D 10 type IIB counterpart of Eq. © [lll^. 
Similarly, a 13 = 10 type IIA treatment is also possible 
as the 13 = 10 gamma matrices coincide with the D = 11 
ones. As a result, the information about nonperturbative 
BPS states of the 13 = 10 superstring theories (including 
Dirichlet superbranes) can also be extracted from the al- 
gebra @. Moreover, it encodes as well all the duality 
relations between different Z3 = 10 and Z3 = 11 super- 
branes. These facts add further reasons to call I^J the 
M-theory superalgebra Q . 

B. Maximal e'^^*'^^^ superspace, BPS preons and 
other BPS states with supernumerary 
supersymmetries 

Interestingly enough, an algebraic classification of all 
BPS states may be achieved by introducing the hy- 
pothetical basic constituents of M-theory. These are the 
BPS preons |A >, which are characterized by the relation 

Pc,p\X Xo,Xp\X > , (6) 

where Aq, is a bosonic 'spinor' (actually, a GL{n,M.)- 
vector, see footnote [81] and below Eq. TI^ ) 75]. 

The states ]A > preserve all supersymmetries but one 
i.e., they are ly = 31/32 states. To make this transpar- 
ent one can use the GL{32,M.) automorphism symmetry 
[23. 123I ] of the algebra Q to write the spinor Aq, that 
characterizes the BPS preon state ]A > in the 'preferred 
frame' Aq — (1,0, ...,0), where © and Q imply 

(Q2)'|A>=0, ... , (Q32)'|A>=0. (7) 



For hermitian operators in a positive definite Hilbert 
space Eqs. JTl imply 

(g2)lA>-0, ... , (g32)lA>=0, (8) 

which means that a BPS preon preserves all but one 
spacetime supersymmetries. 

BPS states \k > preserving fc > 1 supersymmetries 
can be treated as composites of a number = 32 — fc 
of BPS preons j21i] (in the same way as e.g., hadrons 
are composed of quarks). Indeed, for such a state ]fc > 
one can always find a set of 32 — fc bosonic spinors A^ 
(r = 1, fc) such that 

#p=32-fc 

Po/3lfc>- ^ A^A^lfc>; (9) 

r=l 

the single preon state |A > corresponds to ]fc >= 131 >. 

In this perspective, all the one-brane solutions of 11- 
dimensional supergravity, which preserve 16 out of 32 
supersymmetries, correspond to composites of 16 BPS 
preons. Multibrane solutions usually preserve less than 
16 supersymmetries {v < 1/2) and thus correspond to 
composites of more than 16 preons. There also exist pp- 
wave solutions with 'supernumerary supersymmetries' 
El EE Hi], i.e. with 16 < fc < 32. The known solutions 
preserving fc = 18, 20, 22, 24, 26 and 28 supersymmetries 
can be considered as composites of #p = 14,12,10,8,6 
and 4 BPS preons respectively. Initially, it seemed that 
solutions preserving all supersymmetries but one, i.e. de- 
scribing the excitations of a BPS preon, could not exist 
in the framework of the standard brane ansatzes used 
to solve the usual 1 1-dimensional supergravity equa- 
tions. A more general study in the context of standard 
D — 11 supergravity has shown [27l l28l ] that the exis- 
tence of such solutions is not ruled out. However, and 
independently of whether the BPS preons can be associ- 
ated with solutions of standard supergravity or whether 
there is a kind of BPS preon conspiracy preventing the 
existence of one BPS preon in standard Z3=ll spacetime 
or superspace, BPS preons do provide an algebraic classi- 
fication of the M-theory BPS states j^. Also, dynamical 
models with the properties of BPS preons are known in 

the 2 1"^ superspace |2^ Q^. In this perspective 
such a BPS preon conspiracy, if it exists, would rather 
indicate the necessity of a wider geometric framework for 
a suitable description of M-theory, such as extended su- 
perspaces and supertwistors. If, on the contrary, solitonic 
solutions with the properties of BPS preons were actu- 
ally found, the extended superspaces would still provide 
a useful tool for a description of M-theory (t^]. One is 
led to expect that the additional tensorial coordinates of 
these superspaces carry a counterpart of the information 
which, in the framework of standard D = 10, 11 super- 
gravity, is encoded in the antisymmetric tensor gauge 
fields entering the supergravity multiplets (c/. 0]). This 
point of view may be also supported by the observation 
that in the standard topological charge treatment of the 
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tensorial generators of the M-algebra [U , these topolog- 
ical charges are associated just with these gauge fields. 

The general results about the treatment of tensorial 
central charges as topological charges of the correspond- 
ing branes are certainly relevant in the more general case 

{Qa, Qp} = Pcfi , [Qa, = , (10) 

PaP^PfJa, a,^, 7 = 1,2, . . .n , (11) 

with n — 2' for any integer I. The simplest represen- 
tations of the algebra (|l()|l can be constructed on the 
maximal superspace I]( * 2^ ' 1")^ Eq. ||2Jl. 

The GL(n, K) symmetry of (|1U|I becomes broken down 
to Spin{t,D - t) C GL(n,R) when a (Eq. ©-like) de- 
composition is introduced using a nx n realization of the 
gamma-matrices of a (t, D — t) spacetime with t timelike 
dimensions {t is not obliged to be one, see [^H^l). On 
the other side, the GL(n,M) symmetry is a subgroup of 
Sp{2n), which is a characteristic symmetry of higher spin 
theories. 



C. Models in maximal superspaces and higher spin 
theories 

The main problem of the approach in is how to treat 
the large number of additional bosonic degrees of freedom 

m in the COSet(s) E(528|32)/5.(11|32) (2(462|32)/5.(11|32)^ 

S(66|32)/5.(ii|32))^ where 

j^(ll|32) . ^ ^ /i=.0,l,...,10 ,(12) 

is the 'standard' D — 11 superspace. Actually, one has to 
face this problem in an y approa ch dealing with enlarged 
superspaces [1 IH [H MM, S HI |H HI IM ffl- 

Thus, one has to find a mechanism that either sup- 
presses the additional (with respect to the usual space- 
time/superspace I](^l")) degrees of freedom or provides 
a physical interpretation for them. In this respect 
T,^ 2 1")^ despite having a maximal bosonic part, has 
some advantages with respect to non-maximally ex- 
tended superspaces (see below (O). Indeed, the bosonic 
sector of the maximal superspace Q , 

^(Mi^lo) . a,/3 = l,2,...,7i , (13) 

was proposed for n = 4 .41i] as a basis for the construction 
of D — A higher-spin theories [s^. Is^L li^. Moreover, it 
was shown in '3^ that the quantization of a simple super- 
particle model ^] in * 2'*' ' I") for n = 2, 4, 8, 16 results 
in a wavefunction describing a tower of massless fields of 
all possible spins (helicities). Such an infinite tower of 
higher spin fields allows for a nontrivial interaction in 
AdS spacetimes 0,111 [73. 

To give an idea of the relation between higher spin 
theories and maximally extended superspaces, let us con- 
sider the free bosonic massless higher-spin equations pro- 
posed in js^l (for n = 4). These can be collected as 



the following set of equations for a scalar function b on 

S(^|o) 

d^[f,d^]sb{X) = , (14) 

where dai3 = d/dX"^. Eq. l(Tl|l states that dapd^s is 
fully symmetric on a non-trivial solution. In the gener- 
alized momentum representation Eq. H14|l reads 

ka[f}k^]&b{k) = . (15) 

This implies that b{k) has support on the — 

"^"^^"'"^ = n-dimensional surface in momentum space 

S^^^T^I") (actually, in S(^^T^lo)\{0})on which the 
rank of the matrix k^s is equal to unity |35j . This is the 
surface defined by k^p — Aq,A^ (or —XaXp) characterized 
by the n components of Aq,. In a 'GL(n, R)-preferred' 
frame (an analogue of the standard frame for lightlike 
ordinary momentum), A^ — (1,0,..., 0) and the surface 
is the Gi(n, R)-orbit of the point fca/3 — 5ai6pi. Thus, 
Eq. H15|) may also be written as 

{k^p - K\p)b ^ Q , (16) 

which is equivalent to writing Eq. (|14|l in the form 

(«9a/3 - A„A/3)6 = . (17) 

Eqs. p6(l and 117|l may be considered as the general- 
ized momentum {ko,p) and coordinate (X"'^) represen- 
tations of the definition © of a BPS preon ^J. The 
solutions of Eqs. (|16|l . (|17|) are the momentum and co- 
ordinate 'wavefunctions' corresponding to a BPS preon 
state |A >, b{X) =< X\\ >, b{k) =< k\\ >. These 
equations also appear as a result of the quantization jS^ 
of the superparticle model in ji^ • 

Thus, in contrast with other extended superspaces, the 
models in the maximal superspaces S*^ 2 I") can be 
regarded as higher spin generalizations of the models in 
standard superspace E^^l") [sot. 



D. A new supersymmetric string model in E'"" . 
outlook 

In Sec. present another action for a supersym- 

metric string in E'^^^^l'^^^. In distinction to the model 
in 1^], it does not use D = 11 gamma-matrices, but in- 
stead includes two auxiliary bosonic spinor variables, A+ 

and A~ [sj. As a consequence, the resulting S*^ 2^1") 
supersymmetric string action (although it does not in- 
clude a Wess-Zumino term as that of 0]) possesses 30 
local fermionic K-symmetries and provides an extended 
object model for a state composed of two BPS preons 
(see above). 

The model can be written as well in * 2^ ' i") for ar- 
bitrary even n (although n = 2' is preferable for a spinor 
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interpretation of the a, j3 indices). It possesses {n — 2) k- 
symmetries fSec. For n = 2, our model describes 

a string in the D — 3, N — 1 standard superspace; 
however, this string does not possess any K-symmetry 
(n — 2 = 0) and, then, the ground state of this string 
model is not a stable (BPS) state, as such a property is 
guaranteed by the preservation of a non-zero number of 
supersymmetries. 

For n > 4 our model possesses k > K-symmetries, 
2 for n = 4 (D = 4), 6 for n = 8 (£» = 6), 14 for 
n = 16 (L» = 10) and 30 for n = 32 {D ^ 11), and 
hence describes excitations of a two preons BPS state. 
Moreover, only for n = 4 the number of K-symmetries is 
the same as that of the D = A {N — 1) Green-Schwarz 
superstring. For n > 8 the number of K-symmetries of 
our model exceeds half of the number of supersymmetries 
{ly > ^), while the K-symmetries of the Green-Schwarz 
superstring are ^ for all D = 3,4, 6, 10 cases. 

The point-like models |29l l3^ in maximal superspace 
are enlar ged superspace generalizations of the Ferber- 
Shirafuji |47| approach to the Brink-Schwarz superparti- 
cle. The tensionless supersymmetric string models in the 

maximal 2 I") superspaces [i^ |23 can be treated 
as generalizations of the D = 4 null-superstring model 

ps'l. In the same sense our 2 I") supersymmetric 
string model can be looked at as a generalization to the 
maximal superspaces E^ 2 I") of the Lorentz- harmonic 
formulation of the D = A Green-Schwarz superstring in 

In Sec. IIVI we carry out a Hamiltonian analysis of the 

E^ 2 1"^ model and describe its gauge symmetries, in- 
cluding the {n — 2) K-symmetries and their 'superpart- 
ners', the (n — l){n — 2)/2 bosonic gauge 6-symmetries. 
We also discuss there the number of degrees of freedom 
of our model. In Sec. we show that its action may be 
formulated in terms of a pair of constrained 015^(2^11) 
supertwistors (see |2^) which are invariant under both k- 
and 6-symmetries. Note that one of the constraints im- 
posed on the supertwistors breaks the 0Sp{2n\l) invari- 
ance down to the semidirect product E' * 2^ ' l")3i Sp{n) 
of the symplectic group Sp{n) C Sp{2n) and the su- 
pergroup associated with the algebra also denoted 

E^ * 2"^ ' I") since this superspace is the associated super- 
group manifold; we may look at E(^^t-^I")» Sp{n) as 
a generalization of the super-Poincare group E^^^'"^ S 
SO{t,D — t). The OSp{2n\l) supergroup has been con- 
sidered as a gene ralization of the superconformal group 
[lElllllMlilllll (see mmEl for the relevance of 
05*^(6411) in M-theory). This generalized superconfor- 
mal group symmetry is present in massless particle-like 
models |2^ and in the tensionless superstring [3?il |: 
however, it is broken down to S*^ * '"^3 Sp{n) in our 
tensionful supersymmetric string model (Appendix A). 
This is natural: the conformal symmetry is broken in 
the massive superparticle |55] and in the Nambu-Goto 
string and Green-Schwarz superstring models, while it 



remains the symmetry of the massless particle and the 
Brink-Schwarz superparticle. as well as of the tension- 
less branes and superbranes 

The Hamiltonian analysis of the supertwistor formula- 
tion is performed in Sees. IVII and IVIII The generaliza- 
tion of the model to the super-p-brane case is given in 
Sec. IVIIII and conclusions are given in Sec. IIXI 

II. A NEW SUPERSYMMETRIC STRING 
ACTION IN THE MAXIMALLY ENLARGED 
SUPERSPACE 

A supersymmetric string in E(^^^t-^I") is described by 
worldsheet functions X"^{£^), 0"(^), where ^ = (r, cr) are 
the worldsheet coordinates. We propose the follow- 
ing action: 

-e~- XtX}, -e-^+ ^e—] , (18) 

where 

n"'3(^) = dX"^(0 - ide^" (19) 

a,^=l,...,n, m = 0, 1, = (r, cr) , 

and [1/a'] = ML'^ [n°^] = L, [e±±] = L (c = 1). 
The two auxiliary worldvolume fields, the bosonic spinors 
A~(^), Aj(^), are dimensionless and constrained by 

C-^A^A- = 1 ; (20) 

e±±(e) = dre±±(0 = dret^iO + dae±±(0 are two 
auxiliary worldvolume one-forms. The one-forms e^^ 
are assumed to be linearly independent and, hence, define 
an auxiliary worldsheet zweibein 

e'^ = (eO,ei)=drC(e) 

= (i(e++ + e-),i(e++-e-)). (21) 

The C^f^ in ^ is an invertible constant antisymmetric 
matrix 

which can be used to rise and lower the spinor indices 
(as the charge conjugation matrix in Minkowski space- 
times). The invertibility of the matrix C^^ requires n to 
be even; this is not really a limitation since, after all, we 
are interested in n = 2' to allow for a spinor treatment 
of the a, (3 indices. 

For n = 32 the presence of C"^ hampers a possible 
D — 10, type IIB treatment of our model. This would 
require a C"^^ = —C^"'"^ constructed from the 16 x 16 
Majorana-Weyl sigma matrices and a 2 x 2 matrix in 
a Lorentz covariant manner, and there is not a 16 x 16 
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charge conjugation matrix in the D = 10 Majorana-Weyl 
representation. As a resuh we shaU refer to our n ~ 32 
model as a supersymmetric string in the enlarged D ^ 11 
superspace E'^^^*''^^-' , which impHes the decomposition of 
Eq. (0. Nevertheless, the n — 32 case also admits a 
D — 10, type IIA treatment, which uses the same C"^ 
of the D = 11 case, and in which the decomposition 
is replaced by its D = 10, IIA counterpart obtained from 
(0) by separating the eleventh value of the vector index. 

The action (|18|l is invariant under the supersymmetry 
transformations 



<5.A± = , 



3±± -0 



(23) 
(24) 



as well as under rigid Sp{n) 'rotations' acting on the a, (3 
indices. 

Note also that, although formally the action H18I) pos- 
sesses a manifest GL{n, M) invariance, the constraint H20|) 
breaks it down to Sp{n) C GL{n,'R). Under the action 
of Sp{n), the Grassmann coordinate functions 9"{^) and 
the auxiliary fields A^(^) are transformed as symplectic 
vectors and X"^{^) as a symmetric symplectic tensor. 
Nevertheless, we keep for them the 'spinor' and 'spin- 
tensor' terminology having in mind their transformation 
properties under the subgroup Spinit^D — t) C Sp{n), 
which would appear in a 'standard' (t, D — t) spacetime 
treatment. 

The above 2 I") supersymmetric string model 
may also be described by an action written in terms 
of dimensionful unconstrained spinors A^(^), [A^] = 
(ML-i)i/2, 



S = Iw^ A A- A- - e~ A U^P A+A+ 



-a'e++ Ae— (C"'3A+A~)2] 



(25) 



Indeed, one can see that the action (|25|l possesses two in- 
dependent scaling gauge symmetries defined by the trans- 
formation rules 



-(0-e^"(«)e++(C) 



e-"(«)A-(0 (26) 



and 



'(0 - e2^(«^e-(C) , AtiO - e-^(«)Ai(e) . (27) 



This allows one to obtain C"^A+A^ = 1/a' as a gauge 
fixing condition. Then the gauge fixed version of the ac- 
tion (|25|l coincides with (|18|l up to the trivial redefinition 
A± = (a')'^^^A±. The gauge C^'^A+A;^ = 1/a' (equiva- 
lent to Eq. 1201) 1 is preserved by a one-parametric combi- 
nation of (|26|l and H27() with a — — /?, which is exactly the 
50(1, 1) gauge symmetry (worldvolume Lorentz symme- 
try) of the action lfTH|) . 



e^^iO, A±(C)-e±"(«)A±(C).(28) 



The tension parameter T = 1/a' enters in the last 
('cosmological') term of the action (|25|l only. Setting in 



it a' = one finds that the model is non-trivial only for 
e++ oc e and A+ oc A^ in which case one arrives at 
the tensionless super-p-brane action of ref. -3.0], S — 
J d^^p+"'"'"n^^A~A^. As we are not interested in this 
case, we set a' = 1 below since the a' factors can be 
easily restored by dimensional considerations. 

The most interesting feature of the model (|18|l , H25|) is 



that, being formulated in the maximal E*^ 2 I") super- 
space with n fermionic coordinates, it possesses {n — 2) re- 
symmetries; we will prove this in the next section. For a 
supersymmetric extended object in standard superspace, 
the K-symmetry of its worldvolume action determines the 
number k of supersymmetries which are preserved by the 
gromid state (which is a, v = ^ BPS state made out of 
= n — k preons if at least one supersymmetry, fc > 1 , 
is preserved). In the present case, we may expect that the 
ground state of our model should preserve {n — 2) out of 
n supersymmetries, i.e. is a BPS state (#j, = 2, || 
BPS state for the I? = 11 maximal superspace E^^^^l-^^^). 

For n = 2, A"'^ provides a representation of the 3- 
dimensional Minkowski space coordinates, X"^ oc j'/^^x^ 
{a,P = 1,2; = 0,1,2). Thus the n = 2 model ^ 
describes a string in the D = 3 standard E'^'^'^^ super- 
space. However, in the light of the above discussion, it 
does not possess any K-symmetry and, hence, its ground 
state is not a BPS state since it does not preserve any 
supersymmetry. 

The situation becomes different starting with the n = 4 
model (|18|) . which possesses two K-symmetries, the same 
number as the Green-Schwarz superstring in the stan- 
dard D = A superspace. For D > 6, n > 8 the number 
of K-symmetries of our model exceeds n/2 and thus the 
model describes the excitations of BPS states with 'su- 
pernumerary' supersymmetries [23|, a || BPS state in 
the D = 11 E (528 1 32) superspace. 

The number of hosonic degrees of freedom (the num- 
ber of the bosonic chiral fields) of our model is 4?! — 6 
(Sec. I1V() . It is not as large as it might look at first 
sight due to the 'momentum space dimensional reduction 
mechanism' Is^ which occurs due to the presence of aux- 
iliary spinor variables entering the generalized Cartan- 
Penrose relation (Eq. H72|l 'l generated by our model. 
However, it is larger than that of the {D = 3, 4, 6, 10) 
Green-Schwarz superstring (which has D [2n = 4(13 — 2)] 
bosonic [fermionic] configuration space real degrees of 
freedom, which reduce to D — 2 \2{D — 2)] after taking 
into account reparametrization invariance (re-symmetry), 
thus resulting in 2{D — 2) bosonic and 2(D — 2) fermionic 
phase space degrees of freedom). This, in the light of the 
above mentioned relation of the models in maximal su- 
perspaces with higher spin theories, allows us to consider 
our model as a higher spin generalization of the Green- 
Schwarz superstring, containing additional information 
about the nonperturbative states of the String/M-theory. 

The number of fermionic degrees of freedom of our 
model is 2 for any n, less than that of the D = 4, 6, 10 
{N = 2) Green-Schwarz superstring. 
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III. PROPERTIES OF THE E 



I") 



SUPERSYMMETRIC STRING MODEL 



A. Equations of motion 

Consider the variation of the action H18|l . AUowing for 
integration by parts one finds 

5S = d{e—X+\+ - e++A-A^7) isll^^ 



+ J^AU'^n+X+-e++)ASe~ 
-UAU'^f'KXp -e-)ASe++ 
+SxS, 

where isW^ = 5X"^ - i5e'^°'9>^^ and the last term 

S^S= +/^,2e++ A^"'3A-a- 
-/^, 2e- AW^f^X+SXt , 



(29) 



(30) 



collects the variations of the bosonic spinors A^(^). 

One easily finds that the equations of motion for the 
bosonic coordinate functions, 6S/6X"^{— JS'/i^lI"'^) = 
restrict the auxiliary spinors and auxiliary one-forms, 



d(e-A+A+-e++A-A-)-0. 



(31) 



The equations for the fermionic coordinate functions, 
53/66" 0, read 



+ + 



Ade°'X7,X 



a ^13 



A d6i"A+A 







(32) 



which, due to the linear independence of the spinors A^ 
and A~, imply 



ArfrA- =0 



A rf6l"A+ = 



(33) 



The equations for the one-forms e^^(^) express them 
through the worldsheet covariant bosonic form Ijigi) of 

the * 2^ ' I") superspace and the spinors Aj(^), 



++ 



= n"''AiA+, 
- n-^-A-A- . 



(34) 
(35) 



This reflects the auxiliary nature of e^^ and implies that 
Eqs. (EH and ^ actually restrict and d6'", 

d{Wx-X^ A+A+ - \r'X+X+ X-X-) = 0, (36) 
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nT*A+A+ AdrA- 
n^^A-A^ AdrA+ 



, (37) 
. (38) 



Moreover, looking at Eqs. one can easily see 

the necessity of the constraints (|2U|) on the bosonic spinor 
variables. Indeed, if one would ignore these constraints 
and vary the action with respect to unconstrained Aj, 
one would arrive, from H30|l . at e++ A 11"'' A^ = and 



e~ A n"'' A;^ = 0. By (or (123) this would imply, 
in particular, A e = 0, contradicting the original 
assumption of independence of the one-forms e++ and 
e and, actually, reducing the present model to a p = 1 
version of the tensionless p-brane model . 

As A^ are restricted by the constraint H2U|I . this con- 
straint has to be taken into account in the variational 
problem. Instead of applying the Lagrange multiplier 
technique, one may restrict the variations to those that 
preserve (|^. i.e. such that 



c^^sxtx- + C'^xtsx- = 



(39) 



One can solve (|39f) by introducing a set of n — 2 auxiliary 
spinors it„ 'orthogonal' to the A^ (c/. [isLISTj '). 



C"XA^=0, /=l,...,n-2 , (40) 
and normalized by 

C^uiu-js = , C" = -C'" , (41) 

where C^"^ is an antisymmetric constant invertible (n — 
2) X (n — 2) matrix. 
The n spinors 



{A 



2 , 



(42) 



provide a basis that can be used to decornpose an ar- 
bitrary spinor worldvolume function (c/. !5s|), and in 
particular the variations SX'^ , 6X~ . Then one finds that 
the only consequence of Eq. H39|l is that the sum of the 
coefficient for A"*" in the decomposition of SX~^ and that 
of A^ in the decomposition of SX^ vanishes . In other 
words, the general solution of Eq. (|39|l reads 

SX+ - u;{5)X+ + n++{S)X- + n+iS)ui , (43) 

sx- = -Lo{S)x- + n-{s)x+ + nj{d)ui, (44) 

where D,f{6), Q^^{S) and i-u{S) are arbitrary variational 
parameters. 

Substituting Eqs. (gSl, (EH) into ((201, one finds 

6xS= -/^.(2e++An"%A- 

+2e— AU''f^X+X+)Lj{S) 
+ /^. 2e++An"'3A-A+f7-(<5) 
+ /^, 2e- AU"''X+X-n++{d) 
+ /^. 2e++ AH'^f'X^uinjiS) 
-J^,2e— AU'^f'X+uinjiS) . (45) 



Now we can easily write the complete set of equa- 
tions of motion which include, in addition to Eqs. H31|) . 
(|33|l . (|34|l . H35|l . the set of equations for A^, which fol- 
lows bom SS/iviS) = 0, SS/fl++{S) = 0, SS/flj{5) = 0, 
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SS/n—{S) = 0, and 5S/nj{S) = 0, namely 

e++ AH^^'A^A- +e— An"^'AtA+ = , (46) 



e++ An^'^A-Aj -0, (47) 

e— AH^/'A+A- =0, (48) 

e++ AH^/'A^w^ = , (49) 

e~ A n^/'A+u^ = . (50) 

Due to the linear independence of e++ = '^C™em^(0 ^^'^ 
e— = dr"e--(C), Eqs. 63, (gHl imply 

n-^A^Aj = . (51) 

Decomposing the bosonic invariant one form 11"'' = 
d^"^Il!^ in the ('unholonomic') basis provided by e^^, 

n"/3 ^ e++Ul1_ + e— n^'l , (52) 
n±± = V±±X^'^ - iV±±9^" 0^') , (53) 

where V±± is defined by 

dEEe=^±V±± = e++V+++e~V— , (54) 



one finds that Eqs. 1)49(1 and 1(50(1 restrict only the left 

and right chiral derivatives (V++, V ) of the bosonic 

coordinate function X°''^{£^), respectively, 

nltXpui = (V__X"'3 - zV__0(" 0«) x-ui = , 

(55) 

nf+A+ui ^ (V++X"^ - zV++0(" ^«) A+ui = . 

(56) 

In the same manner, Eqs. ((33(1 can be written as 

V__0"A-=O, V++rA+=0. (57) 

The analysis of the above set of equations in the maximal 
superspace, the search for solutions and their reinterpre- 
tation in standard Z?-dimensional spacetime (possibly, 
along the fields-extended superspace democracy of [g, 
or of the 'two-time physics' [321) is a problem for future 
study. 



B. Gauge symmetries 

The expression 1(29(1 . with ((45(1 . for the general varia- 
tion of the supersymmetric string action p8() 
shows that the model possesses n supersymmetries and 
(n — 2) K-symmetries of the form 

M"(0 = C"'3^,^(0«/(0, (58) 

d,x-^{0 = t5j('-{0eP\0 , (59) 

5.A±(e)=0, ^,e±±(O = 0, (60) 



with (n — 2) fermionic gauge parameters k/(^) (30 for 
j^(528|32)-j^ In the framework of the second Noether the- 
orem this K-symmetry is reflected by the fact that only 
2 of the n fermionic equations ((321) are independent. We 
stress that the {n — 2) GL{n,M.) vector fields defined 
by 1(40(1 are auxiliary. They allow us to write explicitly 
the general solution of the equations 

s.e''mt{0 = o , (61) 

which define implicitly the K-symmetry transformation 
((58(1 . Note that the dynamical system is K-symmetric 
despite it docs not contain a Wess-Zumino term. This 
property seems to be specific of models defined on max- 
imal superspaces. 

Our model also possesses ^{n— l)(n — 2) 6-symmetries, 
which are the bosonic 'superpartners' of the fermionic k- 
symmetries, defined by 

SbO'' - , SbX^ = , 4e±± = , (62) 

where bjj{^) is symmetric and I, J = 1, . . . , n — 2. They 
are reflected by the {n — l){n — 2)/2 Noether identities 
stating that the contractions of the bosonic equations 
(ETJ with the 

^q/^/3J bjijj^ears of the (n — 2) auxiliary 
bosonic spinors u°'^{= C^^u^^) vanish |83 |. 

The remaining gauge symmetries of the action 1(18(1 are 
the 5*0(1, 1) worldsheet Lorentz invariance 

SX°'>^ = , SO" ^0 , 
6Xt = ±t^(<5)A± , Je±± = ±2u;(J)e±± , (63) 

which is reflected by the fact that Eq. 1(46(1 is satisfied 
identically when Eqs. 1(34(1 . ((35(1 are taken into account, 
and the symmetry under worldvolume general coordinate 
transformations. 

As customary in string models, the general coordi- 
nate invariance and the SO{l, 1) gauge symmetry allows 
one to fix locally the conformal gauge where em°'{£,) = 
g0(4)(5a^ or, equivalently 

e++ = e'^(«) {dr + dcr) , e"" = e-^^^^ {dr - da) , (64) 
^ e++ = e++ = e^(«) , e"" = -e'- = -e^(«) . (65) 

This indicates that it makes sense to consider the fields 
e^^(T, cr) as nonsingular (^^ = zte"'^'^-' in the confor- 

mal gauge), a fact used in the Hamiltonian analysis be- 
low. 

There is a correspondence |H3 between the k- 
symmetry of the worldvolume action and the supersym- 
metry preserved by a BPS state {e.g. by a solitonic solu- 
tion of the supergravity equations of motion). Thus, the 
action 1(18(1 defines a dynamical model for the excitations 
of a BPS state preserving all but two supersymmetries. 
Such a BPS state can be treated as a composite of two 
BPS preons (#p = 32 — 30). This will become especially 
transparent after the Hamiltonian analysis of next sec- 
tion. 
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IV. HAMILTONIAN MECHANICS 

The gauge symmetry structure has aheady been shown 
in the Lagrangian framework. However, our dynamical 
system clearly possesses additional, second class, con- 
straints [bJI, one of which is condition H20() . In this 
section we carry out the Hamiltonian analysis of our 

I]( 2^1") supersymmetric string model. In particular, 
this will allow us to find the number of field theoretical 
degrees of freedom and to establish the relation of our 
model with the notion of BPS preons [2ll |. 
The Lagrangian density L for the action H18f) . 



S = I drda C , 



(66) 



is given by 



where 



(67) 



(68) 



are the worldsheet components of the one- form (|19|l . 

The momenta Pm canonically conjugate to the config- 
uration space variables 



are defined as usual: 

Pm ^ (Pap , TT^ , P±^^\ Pl± , Pi± 



dC 



(69) 
(70) 



The canonical equal r graded Poisson brackets, 

[Z^{a),PM{a')}. = -{-lf'^[PM{o'),Z^{a)}, , 

are defined by 

[Z^{a'),PM{a)], := {^l)^ 5^5{a ~ a') , (71) 

where (-1)^ = (-l)d<=g(A^) and the degree deg(A/') = 
deg(Z-^) is for the bosonic fields, Z^ = X°'P , A±, e±± 
(or for the 'bosonic indices' TV = (a/?), (a±), (±±), m), 
and 1 for the fcrmionic fields Z^ = 9°" (or for the 
'fermionic indices' Af — a and TV = ± that we will meet 
below in the supertwistor formulation of the model). 

Since the action p8|) is clearly of first order type, it 
is not surprising that the expression of every momentum 
results in a primary (6ll | constraint. Explicitly, 





- p^, 








« 0, 


p^± 


« 0, 


p±± 


« 0, 



(73) 
(74) 
(75) 
(76) 



where only Da is fermionic. Condition H20() . 

M := C^X+X^ - 1 « , (77) 

imposed on the bosonic spinors from the beginning, is 
also a primary constraint and has to be treated on the 
same footing as Eqs. (f7^ -(l751l. 

The canonical Hamiltonian density Tig, 



Ho — drZ Pm — , 



(78) 



calculated on the primary constraints H72|l - H76|) hyper- 
surface reads 



Ha — 

+ (4 



e--K^XlX+-et+K^X-X-^ 



(79) 



The evolution of any functional f{Z"^, Pj^/) is defined by 
^rf — [f ; J daH']p involving the total Hamiltonian, 
J daH' , where the Hamiltonian density H' is the sum 
of Ho in Eq. H79() and the terms given by integrals of 
the primary constraints H72|l - H76l) multiplied by arbitrary 
functions (Lagrange multipliers) |61|. Then one has to 
check that the primary constraints are preserved under 
the evolution, drVafi ~ 0, etc. At this stage additional, 
secondary constraints may be obtained. This is the case 
for our system. 

Indeed, since the constraints l|76|l have zero Poisson 
brackets with any other primary constraint, their time 
evolution is just determined by the canonical Hamilto- 
nian Ho, c?r'P±± = ["^±±7/ daHo]p- Then one easily 
sees that drV^-j- « produces a pair of secondary con- 
straints, 



±± 



(9,X"'3 - ia,0("0'5))Aj A| -e^^^Q. (80) 



Slightly more complicated calculations with the total H' 
show that we also have the secondary constraint 



(81) 



(details about its derivation can be found below 
Eq. I|95|l ). The appearance of this secondary constraint 
may be understood as well by comparing with the results 
of the Lagrangian approach: it is just the a component 
of the differential form equation (|51|l . 

The secondary constraints (|80() imply that the canoni- 
cal Hamiltonian Ho, Eq. (|78|) . vanishes on the surface of 
constraints 180|) . 



Ho«0, 



(82) 



a characteristic property of theories with general coordi- 
nate invariance. Hence the total Hamiltonian reduces to 
a linear combination of the constraints H72 |l - H76|) . 180|l . 

dHIJ, 



H-- 



-±±p<y 



±± 



,±±pr 



±± 



(83) 
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where /(°), L"^, C", it. L^^. . ^^"^ and ±e±± are 
Lagrangian multipliers whose form should be fixed from 
the preservation of all the primary and secondary con- 
straints under r-evolution. 

Note that the constraints H76|l are trivially first class, 
since their Poisson brackets with all the other constraints, 
including l|Sn|) and ijSII, vanish. This allows us to state 
that e^^(^) are not dynamical fields but rather Lagrange 
multipliers (as the time component of electromagnetic 
potential in electrodynamics). Nevertheless, the ap- 
pearance of these Lagrange multipliers from the r com- 
ponents of the zweibein put a 'topological' restric- 
tion on a possible gauge fixing; in particular the gauge 
e^^ = is not allowed. Indeed, the nondegeneracy of 
the zweibein, assumed from the beginning, reads 



det {el,{z)) ^ i^{e--et+ - e++e--) ^ . (84) 



multipliers 

9.(e,-A+A+ - e++A-A^ + ?(")A+ A")) - 
-2e;-A+/+ +2e++A-„?-^ + 
+L++A-A- -L— A+A+ « 0, (85) 

A- [2iet+{d„9\-) - il'^°\d,e\+) + 

-xt[2ie--{d„ex+) + ii^°'){d„ex-) + 

+2ze--{^\+)] « , (86) 

-2e--nf A+ - ?(")nf A-+ 

+2e--L"'^X+ - L'-'^'^C'^X-p w 0, (87) 

2e++nf A^ - /(o)nf A+- 

-2e++L"^A^ - L(")C"'^A+ « , (88) 

e-- - L'^^X-Xy, « , (89) 
e++ - L"^A+A+ « , (90) 
itC^f'X-. ~ l~C^f'X+ « , (91) 



Just due to this restriction, studying the r-preservation 
of the primary constraints, one finds the secondary con- 
straint (|ST|i . 

If by checking the (primary and secondary) constraints 
preservation under r-evolution one finds that some la- 
grangian multipliers remain unfixed, then they corre- 
spond to first class constraints [gJI which generate gauge 
symmetries of the system through the Poisson brackets. 
In other words, since the canonical Hamiltonian vanishes 
in the weak sense, the total Hamiltonian is a linear com- 
bination of all first class constraints l61l. 



If some of the equations resulting from the r-evolution 
of the constraints (or their linear combinations) do not 
restrict the Lagrangian multiplier, but imply the van- 
ishing of a combination of the canonical variables, they 
correspond to new secondary constraints, which have to 
be added with new Lagrange multipliers to obtain a new 
total Hamiltonian. In this case the check that all the 
constraints are preserved under r-evolution has to be re- 
peated. 

This does not happen for our dynamical system: a 
further check of the constraints r-preservation does not 
result in the appearance of new constraints. Indeed, it 
leads to the following set of equations for the Lagrange 



d^L'^^x-xy + 2i{^x-){d,ex-) + 

+2rH<,A~ -L~^ « , (92) 
d,L''^XtX+ + 2i{^X+)id,0X+) + 

-f 2/+H^A+ - L++ « , (93) 

d^L'^^x+xy +i{CX+){d^ex-) - 

-i{^X-){da9X+) + l+U^X- +l-n^X+ « 0, (94) 

where the weak equality sign is used to stress that one 
may use the constraints in solving the above system of 
equations. For brevity, in Eqs. H85|) - (|94|l and below we 
often omit spinor indices in the contractions 

{d,ex^) = d^e" x^ , iCX^) = C^x^, 

l^n^X^ =ltnfX^ , l^LX^ = ltLfX^. (95) 

Note that Eqs. (|85|) - (|91|l come from the requirement 
of r-preservation of the primary constraints, while that 
for the secondary constraints leads to Eqs. (|92|l - (|94|l . 
Thus the above statement about the appearance of the 
secondary constraint H81|) can be checked by studying 
Eqs. (IHUl-linil) with = 0. In this case the con- 
traction of Eq. ||H3) with (-A~) and of Eq. (|HHJl with 
Aj results, respectively, in the equations e~~A'^ncrA^ — 
e--A+LA- « and e++A+n^A- -e++A+LA- « 0. Due 
to the nondegeneracy of the zweibein, Eq. (|84|l . the so- 
lution to these two equations is trivial, i.e. it implies 
A"''LA~ ~ and A+Hg-A" ~ 0, the last of which is just 
the secondary constraint H81|) . 
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To solve this system of equations for the Lagrange mul- 
tipHers and thus to describe exphcitly the first class con- 
straints, we can use the auxiliary spinor fields u^(^) de- 
fined as in lUT)) . The general solution of Eqs. 
(|94|l obtained in such a framework can be found in Ap- 
pendix B (Eqs. I|B.1|I - (|B.7(I ^. Schematically, it reads 





c = 

;(0) 



6,ju"V'' + e++(...)+e--(...), 



(96) 



Kiu°'^ + ^(9<x6'A-)A+" - -^(9<,6'A+)A-" , 

(97) 

c.WA++e++(...)+e;-(...), (98) 
-c.(")A-+e++(...)+e;-(...), (99) 
a,e±± ± 2e±±a;(") + e++(. . .) + e;-(. . .) ,(100) 
-4det(e;^) ^ -2(e;-e++ - e++e;-) , (101) 

(102) 



= 



In this solution the parameters 

hosonic : b" = t^' , J°'> , , h"^^ , (103) 
fermionic : kj , (104) 



are indefinite. They correspond to the first class con- 
straints 



g(O) 



0, 



(105) 
(106) 

(107) 



:= $++ + d^P^ - 20(,")P^+ - 2e--N 
-[A-"A-^ + 4+(A;nrA+'^ 

6(7 

-(A-n,A+)A-"A+'' + (A-n,A-)A+"A+'3)]P„^ 

—^{d„e\-){\+^v^) 



2e: 



-l-l- 



+i5„6' A+ a^6'A- 



+n^^(a.A+A^-A+a,A^)] x 
/a^p^^ajp^X 

\ 6^^ y 



(108) 



:= - 9<,Pf _ + 2rj(°)p^_ - 2e++AA 



+ fA+"A+^-^(A+nrA-'5 

n,A+)A-"A-^ + ( 
-(a,0A+)(A-"i?„) 



-(A+n,A+)A-"A-^ + (A+n,A-)A+"A-'^)]7'„^ 
1 



-nf (a.A+A^-Ai9.A^)] X 
fx-pf^^ X+P^'^^^\ 



+^{d.xi + n(^^x+)p:^'\ 



and 



P±± 







In Eqs. 1101, CnSI) (c/. Eqs. E^) 

:= 9,A+CA+ , Q- 
1 



(a^A+CA^ - A+Ca„A") 



(109) 
(110) 

a^A-CA- (111) 
(112) 



and the relation 



sj-'^x+x-f'-x-x+f' 



c 



1.1 



X^P ■.= CP'^Xt , u'P-.^&'^ul 



(113) 
(114) 



is used to remove the auxiliary variables in all places 
where it is possible. Note that pi3|) is a consequence of 
the constraint 177|) and of the definition of the spinors, 
Eqs. (001 7 Pril (see further discussion on the use of u 
variables below). Thus we are allowed to use them in the 
solution of the equation for the Lagrange multipliers and, 
then, in the definition of the first class constraints, as the 
product of any two constraints is a first class one since 
its Poisson brackets with any other constraint vanishes 
weakly. 

Using the Poisson brackets (|71|l . the first class con- 
straints generate gauge symmetries. In our dynamical 
system the fermionic first class constraints H106f) are the 
generators of the (n — 2)-parametric K-symmetry (|58f) - 
(|H5)l . The V^-^ in Eq. ifTHSIl are the \{n - \)(n - 2) 
generators of the 6-symmetry (|62ll . The constraint G*^"' 
(|107|l generates the 50(1,1) gauge symmetry (1^ . Fi- 
nally, the constraints $±±, Eqs. H108|l . H109(l . generate 
worldvolume reparametrizations. They provide a coun- 
terpart of the Virasoro constraints characteristic of the 
Green-Schwarz superstring action. Thus, as it could be 

expected, our 2 I"-' supersymmetric string is a two- 
dimensional conformal field theory. 

As it was noted above, the presence of the first class 
constraints piO|) indicates the pure gauge nature of the 
fields e^^(^); the freedom of the gauge fixing is, never- 
theless, restricted by the 'topological' conditions H84|) . 
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Note that the K-symmetry and 6-syniinetry genera- 
tors, Eqs. (|106|) and (|1U5|) . are the and m^u^ com- 
ponents of Eq. (fz!^ and Eq. (fZ^ , respectively, while all 
other first class constraints can be defined without any 
reference to auxiliary variables. 

The use of the auxiliary spinors u^^iO f^ define the 
first class constraints requires some discussion. Clearly, 
any spinor can be decomposed in the basis H42|l . but the 
use of to define constraints requires, to be rigorous, 
to consider them as (auxiliary) dynamical variables, to 
introduce momenta, and to take into account any ad- 
ditional constraints for them, including Eqs. (|41|l and 
the vanishing of the momenta conjugate to (c/. [49l|). 
An alternative is to consider these auxiliary spinors as 
defined by 1)40(1 . ((41|l and by the gauge symmetries of 
these constraints, i.e. to treat them as some implicit 
functions of (c/. Such a description can be 

obtained rigorously by the successive gauge fixings of 
all the additional gauge symmetries that act only on 
and by introducing Dirac brackets accounting for all 
the second class constraints for the variables. Nev- 
ertheless, with some precautions, the above simpler al- 
ternative can be used from the beginning. In this case, 
one has to keep in mind, in particular, that the m^'s 

do not commute with Indeed, as conditions 

have to be treated in a strong sense, one has to assume 
[P^'-^\a),ujj{a')]p « ±X^C°"rul^s{a-a'). However, one 
notices that this does not change the result of the analysis 
of the number of first and second class constraints among 
Eqs. Clll-GZI), lEOI), (El, which do not involve m^(^). 
The reason is that one only uses uJyiO multipliers 
needed to extract the first and second class constraints 
from the mixed ones (|72|l . (|73|l . Thus, the Poisson 
brackets of the projected constraints Va/3u"^u^'^ , 2?qw"^ 
with other constraints {e.g., [Vapu^^u^"^ , . . .]p) and the 
projected Poisson brackets of the original constraints 
VafS, T^a with the same ones {e.g., u°'^u^-^ [PaP i • • ]p) 
are equivalent in the sense that a non-zero difference 



(recall that, having in mind the possibility of fixing 
the conformal gauge H64|l . we assume nondegeneracy of 



([Pa/3U° 



u w 



['Pap 7 • ■ -Jp) will be propor- 



tional to Vai3 or Da and, hence, will vanish weakly. This 
observation allows us to use the basis H42II to solve the 
equations l|SS|l - l|nT)) . that is to say, to decompose the con- 
straints (I72Il-l|77Il, (IHOl), (|HU into first and second class 
ones, without introducing momenta for the u!y{^) and 
without studying the constraints restricting these vari- 
ables. 



that the expression 1/e^ (cr) is well de- 



fined). The selection of the basic second class constraints 
and the simplification of their Poisson bracket algebra is 
a technically involved problem. 

In the next section we show that the dynamical degrees 
of freedom of our supersymmetric string in 2 1")^ 
may be presented in a more economic way in terms of 
constrained OSp{2n\l) supertwistors. The Hamiltonian 
mechanics also simplifies in this symplectic supertwistor 
formulation. In particular, all the first class constraints 
can be extracted without using the auxiliary fields u^. 
The reason is that the supertwistor variables are invari- 
ant under both k- and 6-symmetry. Thus, moving to the 
twistor form of our action means rewriting it in terms of 
trivially k- and 6-invariant quantities, effectively remov- 
ing all variables that transform nontrivially under these 
gauge symmetries. Since the description of k- and b- 
symmetries is the one requiring the introduction of the 
Ua{£,) fields, it is natural that these are not needed in the 
supertwistor Hamiltonian approach. 

This consideration already allows us to calculate the 
number of the (field theoretical worldsheet) degrees of 
freedom of our supersymmetric string model. 

The dynamical system described by the action ifT^ pos- 
sesses ^{n — l)(rj — 2) -I- 5 bosonic first class constraints 
(equations (fTHHIl . flUTj) . flT)^ . flT)^ and fTTTij) ^ out 
of a total number of ^n{ n + 1) + 2n + 8 constraints 
(Eqs. (O, CM: G3l, UB: GZI), (EOl) and This 
leaves 4n + 2 bosonic second class constraints. Since 
the phase space dimension corresponding to the world- 
volume bosonic fields Z^{t,c7) = (X"'', A±, e±±, e±±) 
is 2(^i^iy-ii + 2n + 4), the action H18|l turns out to have 
{An — 6) bosonic degrees of freedom. 

Likewise, the {n — 2) fermionic first class constraints 
(|106|l and the 2 fermionic second class constraints, 
Eqs. (|115|l . reduce the original 2n phase space fermionic 
degrees of freedom of the action (|18|) down to 2. 

Thus our supersymmetric string model in ^'"^ 
superspace carries (4n — 6) bosonic and 2 fermionic 
worldvolume field theoretical degrees of freedom. Treat- 
ing the number n as the number of components of an 
irreducible spinor representation of the ZJ-dimcnsional 
Lorentz group SO{l,D — 1), one finds 



The remaining constraints are second class. In par- 
ticular, these are the components of the fermionic 
constraints H73() . 



with Poisson brackets 

{V+{a),V+{a')}p 
{V+{a),V+{a')}p 
{V+{a),V+{a')}p 



^'^AS « 



(115) 



+2ie++(5((7 - a') , 
— 2ie^^(5((T — a') , 
(116) 



D 


n 


^hoso7iic d.o.f. 


fermionic d.o.f. 


BPS 






— An ^ 6 


= 2 


states 


3 


2 


2 


2 


NO 


4 


4 


10 


2 


1/2 


6 


8 


26 


2 


6/8 


10 


16 


58 


2 


14/16 


11 


32 


122 


2 


30/32 



Thus, the number of bosonic degrees of freedom of our 



12 



supersymmetric string model exceeds that of 



the Green-Schwarz superstring (where it exists, 4n — 6 > 
2{D — 2)), while the number of fermionic dimensions, 2, 
is smaller than that of the Green-Schwarz superstring for 
D = 6,10. 

The additional bosonic degrees of freedom might be 
treated as higher spin degrees of freedom and/or as corre- 
sponding to the additional 'brane' central charges in the 
maximal supersymmetry algebra l@J. The smaller num- 
ber of physical fermionic degrees of freedom just reflects 
the presence of supernumerary K-symmetries {{n — 2) > 
n/2 for n > 4) in our S^^^l^^ and S^^^^l^^^ supersym- 



metric string models. Our E*^ 



I") 



superstring model 



describes, as argued, the excitations of a BPS state pre- 
serving k — {n — 2) supersymmetries (a || BPS state 
for the supersymmetric string in the enlarged D = 11 
superspace E^^^^l^^^). 

The search for solitonic solutions of the usual D = 11 
and D = 10 type II supergravities with such proper- 
ties is being carried out at present J7j 28] . If success- 
ful, it would be interesting to study how the additional 
bosonic degrees of freedom of our model are mapped into 
the moduli of these solutions, presumably related to the 
gauge fields of the supergravity multiplct (c/. 0). Never- 
theless, if it were shown that such solutions do not appear 
in the standard D = 11 supergravity, this could indicate 
that M-theory does require an extension of the usual su- 
perspace for its adequate description. 

To conclude this section we comment on the BPS preon 
interpretation of our model. In accordance with J2l|, it 
can be treated as a composite of #p — n — k = 2 BPS 
preons. To support this conclusion one can have a look at 
the constraint H72|) . As we have shown, it is a mixture of 
first and second class constraints. However, performing a 
'conversion' of the second class constraints |63 to obtain 
first class constraints (in a way similar to the one carried 
out for a point -like model in [36j ) , one arrives at the first 
class constraint 



Pcp = P„/3 + e++A-A^ -e--AiA+«0, (117) 

where the A^ are related, but not just equal, to A^. In 
the quantum theory this first class constraint can be im- 
posed on quantum states giving rise to a relation similar 
to Eq. © with #p = 2. 



r. ORTHOSYMPLECTIC TWISTOR FORM OF 
THE e'^^^^ SUPERSYMMETRIC STRING 
ACTION 



A further analysis of the Hamiltonian mechanics of 
our supersymmetric string model would become quite 
involved. Instead, we present in this section a more 



economic description of our 
string model. 



I") 



supersymmetric 



The action H18|) can be rewritten {a' = 1) in the form 

S = I \e++ A idfi-"X- - fi-"dX- - idi]-ij-) 



- e— A {dn+°'X+ - ^i+"dX+ - id7]+ri+) 

- e++ Ae--] , (118) 

where the bosonic /i*" and the fermionic rj^ are defined 
by 



e^xf 



(119) 



Eqs . H119|l are reminiscent of the Ferber generalization 
EjI of the Penrose correspondence relation [s^l (see also 
|2ll [2^ ). The two sets of 2n -I- 1 variables belonging to 
the same real one-dimensional (Majorana-Weyl spinor) 
representation of the worldsheet Lorentz group 5*0(1, 1), 



(Ai+",A+,r/+) 



Y- 



(120) 



can be treated as the components of two OSp{2n\l) su- 
pertwistors, and Y~^. However, Eqs. H119() consid- 
ered together imply the following constraint: 



A+/i-" - A-;U+" - 17^-7^+ = 



(121) 



One has to consider as well the 'kinematic' constraint 
(|20|l . which breaks GL{n,M.) down to Sp{n). In terms 
of the supertwistors the action (|18|l and the con- 

straints (|121|l . (|20|) can be written as follows 



S 



AdY-^Q^nY^'^ 



AdY+^n^nY^ 



Y+^n^uY-^ = 0, 

Y+^'C^nY-'' = 1, 



Ae" 



(122) 

(123) 
(124) 



where the nondegenerate matrix r^sn = 
_(_l)dog(±i;)dcg(±n)f^^^ jg ^jjg orthosymplectic metric. 









(125) 



preserved by 0Sp(2n\l). The degenerate matrix C'sn in 
Eq. itT^ has the form 




Csn - <j C"'3 




(126) 



with C"'^ defined in 1^1) . 

One can also find the orthosymplectic twistor form for 
the action (|118|l with unconstrained spinors. It reads 



S 



[e++ A idM-"A- - M-'^dA- - idx'x') 



Vy2 



e— A {dM+°'Ki 
e++ Ae— (C"'3a+A-)2 



yW+"dA^ 

/3- 



idx^X^) 

(127) 
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where 



X± = e^K^ . (128) 



Eq. p28|l differs from pi9|l only by replacement of the 
constrained dimensionless by the unconstrained di- 
mensionful A^. But, as a result, the OSp{2n\l) super- 
twistors 

T±^:=(X±",A±,X±), (129) 

are restricted by only one condition similar to H123() . 

l^snT^n = . (130) 

The action in terms of T^^ includes the degenerate ma- 
trix Csn, and reads 



S = 



3++ AdT-^OsnT^n 



AdT+^17snT+n 



A e" 



(131) 



The global symmetry of our 5](~t^I") supersymmet- 
ric string is transparent now. The orthosymplectic su- 
pertwistors T='=^ are both in the fundamental representa- 
tion of the OSp{2n\\) supergroup. The constraints H123() 
(or p3U|) ) are also 0Sp{2n\l) invariant. However, condi- 
tion (|124|l (or the last term in the action p31|l 'l breaks 
the 05^(271,11) invariance down to the semidirect product 
5]( ' 2^ ' I") ^ Sp{n) of Sp{n) C Sp{2n) and the maximal 
superspace group E*^ * 2^ ' '"^ (see Appendix A). 

Summarizing, our ^'"^ supersymmetric string 

model breaks the OSp{2n\l) symmetry down to a gener- 
alization E( ' 2^ ' l")^; Sp{n) of the Poincare supergroup. 
In contrast, both the point-like model in 29| and the ten- 
sionless superbrane model of possess full 0Sp{2n\l) 
symmetry. This is in agreement with treating 0Sp{2n\l) 
as a generalized superconformal group, as the standard 
conformal and superconformal symmetry is broken in any 
model with mass, tension or another dimensionful param- 
eter. 



VI. HAMILTONIAN ANALYSIS IN THE 
OSp{2n\l) SUPERTWISTOR FORMULATION 

The Hamiltonian analysis simplifies in the supertwistor 
formulation (|122|l of the action H18|) . This is due to the 
fact that moving from H18(l to H122|l reduces essentially 
the number of fields involved in the model. 

The Lagrangian of the action H122(l reads 



C = ie++d„Y 
- (e^+e;- ^ 



+ s , -i-n 

e--drY )n^^Y 



and involves the 2(2n -1-1 + 2) = 4n + 6 configuration 
space worldvolume fields 



z =z (t,<7) = yy , , 



,±± 



The calculation of their canonical momenta 

dC 

provides the following set of primary constraints: 



V — P T pT^n Y 







P5± « 
PI± « 



(133) 



(134) 



(135) 
(136) 
(137) 



Conditions H123|) , (|124|l should also be taken into account 
after all the Poisson brackets are calculated and, hence, 
are also primary constraints, 



U := Y+^nY^nY-^ « 



A/- Csnl""" - 1 « . 



(138) 



(139) 



The canonical Hamiltonian density Hq corresponding 
to the action H122() . reads 

+ {e++e-- -e++e--)]. (140) 

The preservation of the primary constraints under r- 
evolution (see Sec. lIV|) leads to the secondary constraints 



d,Y~ n^^Y' 



, 



- d^Y QY 



(141) 
(142) 



= d^Y^'^n^^Y -Y^^'n^^daY °«0. (143) 



(132) 



Again (see Sec. lIV|l the canonical Hamiltonian vanishes 
on the surface of constraints H141II . 1142|l . and thus the 
T-evolution is defined by the Hamiltonian density (c/. 

m) 

+ L^°'>U + L'^W + L^^PZ± + h^^P±± (144) 
and the canonical Poisson brackets 

[P^,(a) , Y^^{a')}, = 6{a a'), (145) 
[e±±(a),P£±(cT')]p=5(a-c7'), (146) 
[e±±(a),PX±(a')]p=<5(a-a'), (147) 

Then the r-preservation requirement of the primary 
and secondary constraints results in the following system 
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of equations for the Lagrange multipliers 





P (J P — 


- 


-Y^"" + 




7(0) J, /9 /(O) _ 




Y'"" - 












2eo- 




(148) 




e++ -E (9 e++ - 


- L+ 

+ 


y 




. + 
— — ^ o^Y 


L(o) 










(149) 


+ s -n 


-E +n 




(150) 


+ E -n 

L C^nY 


-s +n 
~ ^ ^snY , 




(151) 


-s -n 

L n^^Y 






(152) 


+s +n 


« e++ 




(153) 



and 



L- 



-n -s 



n^^Y -L n^^daY 

+ s +n +s +n 

ri^^r -L n^ndaY 



(154) 
(155) 
. (156) 



where (CQ)^ := C'^^Q and = — f^^n is the in- 
verse of the orthosymplectic metric H125|) . 



-(5/3" 

r!"" = <( 5,^* 

i 



(157) 



Equations p48|l - p53|l come from the preservation of 
the primary constraints, while Eqs. (|154|l - p5fci|) from the 
preservation of the secondary constraints. Again, as in 
Sec. IV, one can follow the appearance of the secondary 
constraint (|143|l by considering Eqs. H148|l - H153|l with 
= 0. 

Denoting 



4"^ = 

= 



-n +E 

C^^Y —Y C^j^OaY 



OaY C-^j^Y , 

daY+ndaY- 



= S- 



S 



1 fA++ A- 



(158) 

(159) 
(160) 

(161) 
(162) 



one can write the general solution of Eqs. p48|) - (|153|l in 



the form 



OJ 



(0)y 



+E e_ 



daY 



L(0) 

Lin) 



-e++i?(o)y"" + e++(r-cr!)') + 

e++ (sWy"" - {Y-Cnf) , (163) 

+e--B^"^Y^^ -e--{Y+Cnf) - 
e-- -(y+OT)") , (164) 

2(e;-e++-e++e;-)i?(°) , (165) 
9,e±± T 2e±±A(,o) ± 2e±±tj(o) , (166) 
-4det«J s -2(e;-e++ - et+e'-) , (167) 



= 



(168) 



Note that Eqs. (|167|l . (|168|l have the same form as 
Eqs. liniSl, l|n7|l (Appendix B) for the La grange mul- 
tipliers in the original formulation, and Eqs. 1166f) are 
similar to Eqs. (|B.5|) . 

The above solution contains the indefinite worldsheet 
field parameters /i**(^), lu^^''{S^) and e^^(^) which corre- 
spond to the five first class constraints which generate the 
gauge symmetries of the symplectic twistor formulation 
of our E*- 2 I") supersymmetric string model. They 
are 



and 



PI± « (169) 



G(°) Y T^^ - Y~ + 

+ 2e++P^+-2e;-p-_ «0, (170) 

*++ := $+++a,P;+ + 2AWp-^ + 

+ 2e;-B(°)Z^-2e;-A/' + .F++P±E , (171) 

:= - _ + 2A(,°)pf _ + 

+ 2e++B(°)i^-2e++A/' + J'^'lPis , (172) 



where 



tII = -p(")y"" + {Y~cnf , (173) 

+ i?(")e;-y^" - e;-(y+Cf])"] , (174) 
_ S(0)e++y-%e++(y-OT)"] , (175) 



(176) 



Using Poisson brackets, the constraint (|17()|l generates 
the 50(1,1) worldsheet Lorentz gauge symmetry, (|171f) 
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and H172(l are the reparametrization (Virasoro) genera- 
tors, and the symmetry generated by Eqs. (|169|) indicates 
the pure gauge nature of the e^*(^) fields (again, sub- 
ject to the nondegeneracy condition (|84|l that restricts 
the gauge choice freedom for them). 

Note that both the fe-symmctry and the K-symmetry 
generators, Eqs. (|105|l and HlUt)|) . are not present in 
the symplectic supertwistor formulation. Actually, the 
number of variables in this formulation minus the con- 
straint among them, Eq. (|123|l . is (4n -I- 6) — 1 and equal 
to the number of variables in the previous formulation 
^ n(n+i) _|_ j2 + 2n + 4), minus the number of b- and re- 
symmetry generators ( illnlKlLiH) _)_ _ 2)). This clearly 
indicates that the transition to the supertwistor form of 
the action corresponds to an implicit gauge fixing of these 
symmetries and the removal of the additional variables, 
since the remaining supertwistor ones are invariant under 
both b- and K-symmetry [s^ . 

Other constraints are second class. Indeed, e.g. the 
algebra of the constraints V±s, Eq. I|135|l . 

[V^^ia) , T'^JaOlp = 2e--n,Jia - a') , (177) 

[P_^{a) , P_A'^')}, = -2e++n,J{<j - a') , (178) 

[r^Aa),P_A<y')},=0, (179) 

clearly indicates their second class nature. As so, one can 
introduce the graded Dirac (or starred [gJ) brackets that 
allows one to put them strongly equal to zero. For any 
arbitrary two (bosonic or fermionic) functionals / and g 
of the canonical variables (^HJ, l|l-^4|) they are defined 
by 

[/(o-i),5(ct2)}d = [/(c^i)>.9(o'2)}p - 

^Uda (_^[/(aO, (^)}pf^"' [nn(^), 5(<T2)}p 

--^[fia^),r_Aa)}X^[r_Ja),gia,)},) . (180) 

Using these and reducing further the number of phase 
space degrees of freedom by setting P^^ — strongly, 
the supertwistor becomes a self-conjugate variable, 

[y""(a), r""(a')}, = T-^ f^'" S{a - a') . (181) 

For the 'components' of the supertwistor, Eq. H181() im- 
plies 

[A±(a),M±^'(a')]„ = ^-^SPjia ~ a') , (182) 
{v^{a),f^^{o')], = 6{a-a') . (183) 

The Dirac brackets for e^^, e^* and P±± coincide with 
the Poisson brackets, while for P^_|_ one finds 

[P;+(a),...], = [P^+(^),...]p 

-:^Y-^{o)[P_Aa),...}, , (184) 

[P^_(a),...]„ = [Pll{a),..],- 

--^y^"(a)[P^,(a),...}, . (185) 
2ec, 



However, P±±{o') still commute among themselves, 
[P|±(a),P5±(a')]„ = = [P^+(a),P5„(a')],. 

When the constraints (|135|l are taken as strong equa- 
tions, the first class constraints (|170|I - H172|) simplify to 

G(°) 2e++P^+ - 2e--pZ_ « , (186) 

3"++ := $++ + 9,P^+ + 24"'p-+ + 

+ 2e--B^°^U -2e--Af , (187) 

:= - a^Pf _ + 2A^°'^PZ_ + 

+ 2e++p(0)Z^ - 2e++A/' , (188) 

and the remaining second class constraints can be taken 
in the form 

K^°'> := e++P++ + e--pi_ « 0, (189) 
JV = Csn^""" - 1 « , (190) 

U = Y+^nj:uY-^ w , (191) 

= a^y^^'i^^nF"" - Y^'^n^^d^Y''' « o . (192) 

One has to take into account that, under the Dirac brack- 
ets, P±± and j-^q^ commute, 

[P^+(a),y-^(a')]„ - -l+y""(a)<5(a-a'), (193) 

[Pf_(a),y+^(a')]„ - -^Y^^{a)S{a-a'). (194) 
2ea 

Then one easily checks that, under Dirac brackets, G*^"^ 
generates the 5*0(1, 1) transformations of the super- 
twistors, 

[GW(a),y±^(a')], = tY^"" {<j)S{a - a') . (195) 

On the other hand, one finds that the second class con- 
straint U interchanges the y+^ and y~^ supertwistors, 

2ea 

[Uia),Y-^ia')]^ = -^y^"(a)5(a-a'). (196) 

It is interesting to note that in the original supertwistor 
formulation of the D = 4, = 1 superparticle 47j there 
exists a counterpart of the U constraint; however, there 
it is the first class constraint generating the internal U{1) 
symmetry |85j . 

The Dirac brackets of the above second class con- 
straints P89II - 1192I) can be found in Appendix B, 
Eqs. (|B.10p - IIB.14|) . They are characterized by the matrix 





($(0)(ct') + 

+5A'(0)(a')) 




if(")(a') 




($(0) +5A:W)(a) 





-5a a' 








U{<j) 
























5a cr' 


M{a) 








-5a a' 
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1 { Ai + {a) A- 



(Eq. ifTC^ I and primary 



where 5(a) , ^^^^^^^ , 

(5o-o-' = S{a — cr'). This table indicates that the K'-^^ 
constraint is canonically conjugate to Af while the sec- 
ond class constraint +SK'-^'> is conjugate to U. One 
may easily pass to the (doubly starred) Dirac brackets 
with respect to the above mentioned four second class 
constraints. However, the new Dirac brackets for the su- 
pertwistor variables would have a very complicated form, 
so that it looks more practical either to apply the for- 
malism using (singly starred) Dirac brackets (Eq. HIHUI) ) 
and simple first and second class constraints, Eqs. (I186II- 
(|188|l and (|189|I - H192I) . or to search for a conversion |63l| 
of the remaining second class constraints into first class 
ones. Note that a phenomenon similar to conversion oc- 
curs when one moves from (I122|l to the dynamical system 
with unnormalized twistors described by the action (|131|l . 
We discuss on this in more detail in the next section. 

As the simplest application of the above Hamiltonian 
analysis let us calculate the number of field theoretical 
degrees of freedom of the dynamical system (I122|l . In 
this supertwistor formulation one finds from Eqs. H133|) 
and l|12()|l (4n -|- 4) bosonic and 2 fermionic configura- 
tion space variables, which corresponds to a phase space 
with 2(4n -I- 4) and 4 fermionic 'dimensions'. The sys- 
tem has 5 bosonic first class constraints, Eqs. H169|) - (|172|l . 
out of a total number of 4n -I- 9 bosonic constraints (the 
bosonic components of H135I) and H136|) . H137|l . (|141|l - 
(|143|l ). Thus, in agreement with Sec. IV, one finds that 

the ^1"^ supersymmetric string described by the 

action (|122|l possesses 4n — 6 bosonic degrees of freedom. 
Likewise, the 2 fermionic constraints of the action (the 
fermionic components of (^SJ) reduce to 2 the fermionic 
degrees of freedom. 



VII. HAMILTONIAN ANALYSIS IN TERMS OF 
'UNNORMALIZED' SUPERTWISTORS 



As shown in Sec. V, the action H122|l may be consid- 
ered as a gauge fixed form of the action (|131|1 written in 
terms of supertwistors (|129ll restricted by only one La- 
grangian constraint H130() . The second constraint (|124|l . 
the 'normalization' condition that distinguishes among 
the and T='=^ supertwistors, may be obtained by 

gauge fixing the direct product of the two scaling gauge 
symmetries (|26|l and (|27|) down to the 50(1,1) world- 
sheet Lorentz symmetry (|28|l of the action (I122II . As a 
result, one may expect that the Hamiltonian structure 
of the model (|131|l will differ from the one of the model 
(|122|l by the absence of one second class constraint (|190f) 
and the presence of one additional first class constraint 
replacing H189I) . 

This is indeed the case. An analysis similar to the one 
carried in Sec. VI allows one to find the following set of 



v 






« 0, 




« 0, 


u 


•= 



(197) 
(198) 
(199) 



and secondary constraints 

$++ = d^T-m- - e--{T+CT-f , (201) 
= a^T+OT+ - e++(T+CT-)2 « , (202) 

= d^T+nr- - T+ndaT- « o , (203) 



that restrict the phase space variables 



Pm — (P±s ' P±± 1 P±±) 



dC 



(204) 



(205) 



The set (|197|) ~ (I203|) contains 6 first class constraints 
(versus five first class constraints (|169f) - ()172|l in the H122f) 
system), namely 



« , 

2e++P_^+ - T-^T'-s ~ , 



(206) 
(207) 
(208) 



J J _ Pi per 

(T+CT-)2 ++ 



(T+CT- 



:$ + +- 



s(0) 



C^(jT 7^— S ^" (T+CT^)-^ 



-e--{T+CT-)T+CnV 



(209) 



(T + CT-)2 

^_^l_^j'+^'p_^ + (T+CT-)T+COP_ 



r+( 

where (c/. (fTCT|l ) 



(T + CT-) 

e++{r+CT-)iT-cnr+ 



, 



(210) 



_ 1 /'a„T + CT+ (T+CT") , a„T"CT" (T + CT" 
~ 7+T ' 7^ 



(211) 



Using Dirac brackets to account for the second class 
constraints H197|) . where (c/. (|181|) ') 



-is , , ..±n 



[T^^(a), T^"(a')}„ = T-^ f^'" <5(a - a') , (212) 
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the first class constraints simplify to 



where a = 0, 1, . . . ,p , r = 1, . . . , n{p) , a = 1, . 



pT 


« 0, 


pc 

^+ + 


« 0, 


PZ_ 


« 0, 


$++ 


= *++ + 




= + 



2e--g(") 
(T+CT-)2 

2e++g(") 
(T+CT-)2 



, 



(213) 
(214) 
(215) 

(216) 
(217) 



which clearly corresponds to the set of constraints (|186|l - 
(|188|l of the 'normalized' supertwistor description with 
the addition of the constraint H189|) . which is now 'con- 
verted' into a first class one due to disappearance of the 
normalization constraint (|190|l . 

The remaining two bosonic constraints, Eqs. H20n|l and 
()203|l . are second class. Their Dirac bracket 



_ (T+CT-)2,5(a-a') 



(T+CT-f6{a ~<t') (218) 



is nonvanishing due to the linear independence of the 
T and T supertwistors H129|l (coming from the 
linear independence of their A+ and A^; components, 
A+C"^A~ ^ 0). For a further simplification of the 
Hamiltonian formalism it might be convenient to make 
a conversion of this pair of second class constraints into 
first class by adding a pair of canonically conjugate vari- 
ables, q{0 and P(«)(0, ([g(a) , P^'^Ha')]p = 5{a ~ a')) 
to our phase space. 

The above Hamiltonian formalism and its further de- 
velopment can be apphed to quantize the 2 I") su- 
persymmetric string model. This should produce a quan- 
tum higher spin generalization of the Green-Schwarz su- 
perstring for n = 4, 8, 16 and, for n — 32, an exactly 
solvable quantum description of a conformal field theory 
carrying, somehow, information about the nonperturba- 
tive brane BPS states of M-theory. 



VIII. SUPERSYMMETRIC P-BRANES IN 



MAXIMAL SUPERSPACE E* — 



(" + !) 



n) 



The model may be generalized to describe higher- 
dimensional extended objects (supersymmetric p-branes) 

in S(^l"). 

The expression of the supersymmetric p-brane action 
in terms of dimensionful unconstrained bosonic spinors 
reads (cf. lEH)) 



Sp = / An"^(A^p:!,A^) 

- {-a')P f e^(P+i' det(C"'3A^A^) , (219) 



and e^'-''"'"^^ is the WP^^ volume element 



= A()9+1) = 



1 



[p+l) 



y£bi...f)p+i 



. ,n, 
(220) 

(221) 



In Eq. lUni), the {p+l) = (iC"e^(C) are auxihary 
worldvolume vielbein fields, ^™ = (r, cr^, . . . , a^) are the 
worldvolume VF^"*"^ local coordinates and AJj(^) is a set of 
h = n(p) unconstrained auxiliary real bosonic fields with 
a 'spacetime' spinorial (actually, a S'p(n)-vector) index 
a = 1, n. The number n(j>) of real spinor fields A^(^) 
as well as the meaning of the symmetric real matrices 
pj^s depend on the worldvolume dimension d = p + 1. For 
d = 2, 3, 4 (mod 8), where a Majorana spinor representa- 
tion exists, the p'^^ are Spin{l,p) gamma-matrices multi- 
plied by the charge conjugation matrix or sigma matrices, 
provided they are symmetric. If not, it is always possible 
to find a real symmetric matrix by doubling the index 
r, f — rl {I = 1,2), as in the case of d = 6 symplec- 
tic Majorana spinors. For dimensions with only Dirac 
spinors (hke d = 5) A^^p^^Ap should be understood as 
Aq7'^A^ -I- A^7'^Aq,, etc. For simplicity we present Eq. 
(|219|l and other formulae of this section for 'Majorana 
dimensions' d with symmetric C7-matrices; the general- 
ization to the other cases is straightforward, although one 
should be careful determining the value of n{p) for a given 
d = p + 1. For p = 1, where the irreducible Majorana- 
Weyl spinor is one-dimensional (^^^^(Ijl) is Abelian), 
one needs A^ to be in a reducible Majorana representa- 
tion in the worldsheet spinor index r, i.e. A^ — (A+, A^); 
otherwise the second term in (|219|) would be zero and the 



action would become that of a tensionless T,^' 



persymmetric string. Then, the action l|219|l reduces to 
(HSJ using (laj. 

The fcrmionic variation (5/ of the action (|219|l . SfSp, 
comes only from the variation of 11"^. Let us simplify 
it by taking SfX^f^ = i(5/6'(" 6*^) {cf. below Eq. 
so that iSfW^f^ = and SfU^f^ = ~2ide^°'Sef^\ As H"^ 
enters in the action (|219|l only through its contraction 
with AJ^7°gA^ we find 



SfS, 



9i f p'^'P A HO" \^ rp- A* 



(222) 



Thus only n{p) fermionic variations 59^ A'p out of the n 

variations are effectively involved in 5fSp. 

This reflects the presence of {n — h{p)) K-symmetries in 
the dynamical system described by the supersymmetric 
p-brane action l|219() . They are defined by 



and by the following condition on 5,^9", 
5,rA^ = 0, r = l,...,n(p) . 



(223) 



(224) 
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This can be solved, using the auxiHary spinor fields 
[where now J = 1, . . . , (n — n{p))] orthogonal to A^, as 

<5.r = , u'^'iOKiO^O, (225) 

J = 1, . . . , (n - , r = l,...,h{p) . 

The K-symmetry (|223f) , (I225|l implies the preservation of 
all but n{p) supersymmetrics by the corresponding ly = 
^^^^ BPS state. 

n 

For instance, for p = 2, n = 32, Spin{l, 2) « SL{2, M) 
and n = 2. The action (|219|l then describes excitations 
of a membrane BPS state preserving all but 2 supersym- 
metrics, a II BPS state. For p = 5 and n = 8 the ac- 
tion H219() with n = 32 describes a || supersymmetric 5- 
brane model in I](528|32) ^ gQ^j-^ ^j^g supermembrane (M2- 
brane) and the super-5-brane (M5-brane) are known in 
the standard _D = 11 superspace, where they correspond 
to BPS states. It is tempting to speculate that the 
'usual' M2 and M5 superbranes are related to the gener- 
alized E(528|32) 

supersymmetric 2-brane and 5-brane de- 
scribed by the action (|222|l for p = 2 and 5. For instance, 
they might be related with some particular solutions to 
the equations of motion of the corresponding || and || 
j^(528|32) jj^odels preserving 16 supersymmetrics and/or 
with the result of a dimensional reduction of them. For 
the p = 5 case a question of a special interest would be 
the role of the M5 selfdual worldvolume gauge field in 
the S^^^*!^^^ superspace description (see p for a related 
discussion). 

For p = 3 and fi = 4 we have a || BPS state, a BPS 
3-brane. Neither the Green-Schwarz superstring nor the 
super-3-brane exist in the standard _D = 11 superspace, 
but a super-D3-brane does exist in the D = 10 type 
IIB superspace, as the superstring does. As we have al- 
ready noted, although S^^^^l'^^) also allows a treatment 
as an enlarged type IIB superspace 9, 2(]i], the Et^^^l'^^) 
supersymmetric p-brane action 1)2191) involves explicitly 
the 32 X 32 matrix C"^ which cannot be constructed 
out of type IIB matrices in a S'0(l,9) Lorentz covariant 
manner. The same problem appears with the l](528|32) 
supersymmetric 9-brane described by the p = 9 version 
of the E(^2^|32) model (|219|l with h = 16, which corre- 
sponds to a i| BPS state; its possible relation with the 
spacetime filling type IIB super-D9-brane in the usual 
D=10 superspace is also quite unclear. 

IX. CONCLUSIONS AND OUTLOOK 

We have presented a supersymmetric string model 
in the 'maximal' superspace S*^ 2 I") with additional 
tensorial central charge coordinates (for n > 2). The 
model possesses n rigid supersymmetries and n — 2 lo- 
cal fermionic K-symmetries. This implies that it pro- 
vides the worldsheet action for the excitations of a BPS 
state preserving (n — 2) supersymmetries. In particular, 
for n = 32 our model describes a supersymmetric string 
with 30 K-symmetries in which corresponds to a 



BPS state preserving 30 out of 32 supersymmetries. This 
model can be treated as a composite of two BPS preons 

fand is the second (after the D — 11 Curtright model 
tensionful extended object model in xi^^^^l-^^^. 
In contrast with the Curtright model 5], our super- 
symmetric string action in the enlarged D — 11 super- 
space S (^28 1 32) (jQgg jjQ^ involve any gamma-matrices, 
but instead makes use of two constrained bosonic spinor 
variables, A+ and A~, corresponding to the two BPS pre- 
ons from which the superstring BPS state is composed. 
As a result, our model preserves the Sp(S2) subgroup of 
the GL(32,R) automorphism symmetry of the D = 11 
M-algebra. 

Our I") supersymmetric string model can be 

treated as a higher spin generalization of the classical 
Green-Schwarz superstring. At the same time, the ad- 
ditional bosonic tensorial coordinate fields of the n = 32 
case might contain information about topological charges 
corresponding to the higher branes of the superstring/M- 
theory [71]. 

TheE(^^T-^l") model may also be formulated in terms 
of a pair of constrained worldvolume 05^(271,11) super- 
twistors. The transition to the supertwistor formulation 
is similar to that for the massless superparticle and the 
tensionless E^"^"^^!") supersymmetric p-branes p^lsof. 
In our case, however, the supertwistors are restricted 
by a constraint that breaks the generalized supercon- 
formal OS'p(64|l) symmetry down to a generalization of 
the super-Poincare group, E^^^^I^^^S 5*^(32). Such a 
breaking is characteristic of tensionful models. We note 
that this constrained 0Sp{2n\l) supertwistor framework 
might also be useful for massive higher spin theories. 

We have developed the Hamiltonian formalism, both in 
the original and in the symplectic supertwistor represen- 
tation, and found that, while the Hamiltonian analysis in 
the original formulation requires the use of the additional 
auxiliary spinor variables {I — 1, (n — 2)) orthogo- 
nal to A^, the symplectic supertwistor Hamiltonian me- 
chanics can be discussed in terms of the original phase 
space variables. Moreover, under Dirac brackets, super- 
twistors become selfconjugate variables and the symplec- 
tic structure of the phase space simplifies considerably. 
A natural application of the Hamiltonian approach de- 
veloped here is the BRST quantization of the E^ ' 2^ ' I") 
superstring model, which might provide a 'higher spin' 
counterpart of the usual string field theory. 

We have also presented a generalization of our 
E*- 2 I") supersymmetric string model for supersym- 
metric p-branes in E^ ' 2"^ ' I"). They correspond to BPS 
states preserving all but n{p) (see below 1)219(1 ') super- 
symmetries, composites of n{p) BPS preons (n(2) = 
2, n(3) = 4, n(5) = 8). In particular, the E(528|32) 
supersymmetric membrane (p = 2) also corresponds to 
II a BPS state. 

BPS states preserving 30 out of 32 supersymmetries 
have not been found yet among the solitonic solutions 
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of the 'usual' _D = 11 and D = 10 dimensional super- 
gravities, and the existence of such solutions is being 
discussed at present |23, ll^l- If found, it would be in- 
teresting to study a possible relation of the additional 
tensorial bosonic coordinate functions in our theory with 
such hypothetical solitonic solutions. In particular, an 
interesting question is to see how the WZ term of the 
superbrane in usual superspace is reproduced from pure 
kinetic-like term in the action (|18() . If, in contrast, these 
solutions do not exist, this could indicate, because of the 
special role of BPS preons in the algebraic classification 
of the M-theory BPS states the necessity of a wider 
geometric framework for a description of M-theory. In 

this case the proposed = '"^ supersymmetric string 
model could provide a part of such an extended frame- 
work, unifying M-theory and higher spin theory ideas. 
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Note added 

Two papers [6^ l68j | have just appeared in the 
net. Ref. [63 considers a spontaneous breaking of the 



05^(1132) symmetry of the tcnsionless S*^ 2 I") su- 
persymmetric p-brane models 40] 33 , and proposes an 

open tensionless S^"^"^ ^1"-* supersymmetric string action 
with an additional boundary term (or topological term, 
cf. IsSi)- These topological terms can be treated as de- 
scribing superparticles attached to the endpoints of a ten- 
sionless S( 2 I") string (similar to quarks attached at 
the ends of a bosonic string or DO-branes at the ends of 
an open superstring, cf. |63.[70||). 

Ref. [gsI develops a formalism which looks promising 
for studying the relation of the BPS prcon conjecture 
and the present approach with solitonic solutions of the 
standard D — 11 supergravity. The authors of 'gs'I deal 
with bosonic Killing spinors e"^, but some of their ob- 
servations may be applied to the bosonic spinors Aq (X^) 
characterizing the BPS preon(s). The Killing spinors will 
be orthogonal to Aq (X^) thus might be identified 
with the auxiliary u"^ variables of this paper (see j7llj ) . 

Appendix A. Breaking of the generalized su- 
perconformal group OSp{2n\l) down to the gener- 
alization I]( ' 2^ ' I") 2) Sp{n) of the super Poincare 
group. 

The {2n -f 1) x (2n -|- 1) supermatrices Qs^ G 
0Sp{2n\l) preserve the graded-antisymmetric matrix 



fisn = -(-l)'^'=s(^)'^''s(n)f^j^^^ 'orthosymplectic metric', 

fe^'f^s'n'^n"'(-l)'^^™*'^«<"'^+'^ - f^sn , (A.l) 

the canonical form of which is given by Eq. ()125|l . The 
grading is defined by 



(-1) 



dcg(S) 



1 for S = 1, . . . , 2ri 
-1 forE = 2?i + l 



and coincides with deg(±E) for (see below Eq. 

(|71|l ). The fundamental representation of 0Sp{2n\l) acts 
on supcrtwistors 

y^ = (Ai",A„,,?), (A.2) 

with even fi", Aq and odd 77. Near the unity, 

fe" ^ fc" + Ss" , (A.3) 

where 5^'^ is an element of the osp{2n\l) superalgebra. 
It has the form 



Ga'^ Ka/B (a 
^ 



(A.4) 



where the even n x n matrix Ga^ is arbitrary and the 
even n x n K^p — Kp^ and A"'^ — A^" matrices are 
symmetric. They define a gl{n) and two sp{n) subalge- 
bras of osp{2n\l), 

Gj G gl{n) , e sp{n) , K^p £ sp{n) . (A.5) 

Exploiting the analogy with the matrix representa- 
tion of the standard 4-dimensional conformal algebra 
su(2,2|iV) and the 4-dimensional super-Poincare alge- 
bra, one can look at the gl{n) boxes G as a gener- 
alization of the spin{l,D — 1) and dilatation algebras 
{La^ + 6a^D), at the elements A"^ e sp{n) as a gener- 
alization of the translation one, and at Kaf3 G spin) as a 
generalization of the special conformal transformations. 
Eq. (|A.4p also contains two fermionic parameters, e" and 
^a, which can be identified as those of the of 'usual' and 
special conformal supcrsymmetries. A specific check is 
provided by the n = 2 case, where SL{2, R) = Spin{l, 2), 
the symmetric spin-tensor provides an equivalent repre- 
sentation for a S'0(l,2) vector, and the superconformal 
group is OSp{2\l). 

If we now demand in addition that the degenerate ma- 
trix Csn (Eq- H12()|) ') is preserved, 

fe^'C5:'n't/n"'(-l)'°^™^'°^^"'^+'^ = G^n , (A.6) 

we see that this is satisfied by the osp{2n\l) elements of 
the form 



" n 



Sj 



Ss"(5,^,e) , (A.7) 
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where Sa^ G sp{n), 



(A., 



i.e. by those of (|A.4|1 with = 0, = and 

Ga'^ = Sa'^ e sp{n). Thus the condition l|A.6|l not 
only reduces GL{n) symmetry down to Sp{n), but also 
breaks the generahzed special conformal transformations 
and the superconformal supersymmetry. 

The right action of fe"(5',A,e) (Eqs. ^K^, ^Kj^) 
on the supertwistor ljA.2|) . 5Y'^ = y'^Sn^, defines the 
generalized super-Poincare transformation of the super- 
twistor components, 



(A.9) 



These can be reproduced from the following transforma- 
tions of the 2 1"^ coordinates 



60"' = e" + 6"3Aa" 



(A.IO) 



using the generalization [23I of the Penrose correspon- 
dence relation js^l given in Eq. H119(l , 

- - ^r0^A/3 , 77-rA„. (A.ll) 

The transformations ljA.10|) of the S*^ * 2^ ' I") vari- 
ables are a straightforward generalization of the super- 
Poincare transformations of the standard superspace co- 
ordinates. This justifies calling the resulting super- 
group T,^ Sp{n) a generalization of the super- 
Poincare group. 

Going back to osp(2n|l), let us note that the gener- 
alized special superconformal transformations {Kaf3,Ca) 
act on the supertwistor components by 



Using Eq. (|A.11I) one may find from ljA.12p the gen- 
eralized special superconformal transformations of the 
coordinates 



r = a:"^C/3 - 2 (^C) 0" - {eKxy . (A. 13) 



Note that (jA.10|) follows as well from a nonlin- 
ear realization of the generalized super-Poincare group 
Yj{ * 2*^ ' I") Sp{n) on the 5^1") coset, i.e. from the 
left action of Gii^iS, A, t) - fe" + ^t^{S, A, e) ^Kj^ on 
fC^^{X, 9)^5^^ + K^^{X, 9) with 



K^^(X,e) = {x'^l^ Q 9'^) . (A.14) 
i9^ 



Indeed, the infinitesimal form of 

g^^{S, A, e)K^^{X, 9) = K^^{X', 9')g^^{A, 0, 0) 

(A.15) 

reads 

K{5X,59) = S(0, A, e) -f S(0, A, e)X(A:, 6*) 

-f [S(5,0,0), (A.16) 

and reproduces the generalized super-Poincare transfor- 
mations (jA.lOp . 

Appendix B. Some technical details. 



General solution of Eqs. (18511 — 119411 for the Lagrange 
multipliers (Eqs. (IHSll- llTn^ l 



L 



+ + 



'7 a 



(A-n^A+)A-("A+'5) + (A-n^A-)A+("A+'') 
e;-A+"A+^ - 2 (A+n3;(°A-'3) 



(A+n,A+)A-("A^'3) + (A+n,A^)A+("A- 



/3) 



(B.l) 



K/M"-^ + ^(a^6'A-)A+"-^(a^6'A+)A-" , 

(B.2) 



e--nt+ - e++n-- + id.9X+d.9\- 



-nf (9.AJA--A^5,A^))A„ 



-KHf (a.AjA--Aja,A^))A- , 



(B.3) 



-nf (a.AiA^-A+a.A^))A+ + 

+nf(a.A+A^-A+9.A^))A+, (B.4) 
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L±± = 9,e±± + 2e$±n^°^ ± 2e±±c^('') , (B.5) 

L(") = -4det(e;^J ee -2{e;-e++ - e++e--) ,(B.6) 

= , (B.7) 
where, ^2^* and oi*^-* are defined in pil|l . pi2|l . namely 
n++ ;= daX+CX+ , := d„\-C\- (B.8) 

i(a,A+CA- -A+C9,A-) . (B.9) 



Dirac brackets of the second class constraints 
(tT89ll-llT92ll 



2 I e++(a) 
1 , 



- a') = 



-^(a - a') , 



+ 2]S{a- a') 



[$(")(a),AA(a')], = 

2 I e++(a) 
^ 9.y-^(a)Csny-"(a) 

1 MJ+M , ^^"(^) 



2Ve++(a) e^-(a) 



(5(a - g') = 
5{a-a'), (B.ll) 



= Y+''[a)nj:nY-^{n) S{a - a') = 

= U6{a-a')^0, (B.12) 

[x(°)(a),AA(a')]„ = 

^ {J\f + I) 5{a - a') ^ 5{cr - a') , (B.13) 

[i^(°)(a),$(°)(a')]„ = 

= ^ {d,Y+''{a)Q^nY-^{a)- 

-r+^(a)f^sna.y-n(a)) 5(a - a') = 



(B.14) 



(B.IO) 
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